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Abstract—The charge transfer in a Holstein molecular chain placed in a uniform electric field has been
numerically simulated. It has been shown that for given parameters of the chain, a charge placed in a constant
electric field may uniformly travel very large distances (several hundred thousand sites). The charge may
move with a constant velocity if the field strength is low. With an increase in the field strength, the charge
starts oscillating (Bloch oscillations). Good agreement has been shown between the theoretical and numerical
field dependences of the charge constant velocity.
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INTRODUCTION

Interest in charge transfer in 1D molecular chains
is associated with the possible use of these chains as
wires in nanoelectronic devices. In 1D chains, self-
trapped electron states (appearing as polarons) serve
as charge carriers. The question of whether localized
excitations, solitons, and polarons, can transfer energy
and charge in biological molecules, such as proteins,
was discussed by Davydov [1–4]. In view of advances
in molecular nanobioelectronics, the main purpose of
which is designing electron devices based on biomole-
cules [5, 6], researchers concentrate on the problem of
charge transfer in extended molecules such as a DNA
molecule [7–15].

In this work, we report numerical simulation data
for charge transfer in a polynucleotide Holstein
molecular chain placed in a constant electric field.
Earlier [16], one of the authors considered this issue
for a continuous chain. Clearly, data obtained in [16]
may be inapplicable to a discrete chain. Moreover,
motions that arise in the discrete case may be absent
entirely in the continuous case.

DYNAMIC MODEL OF A DISCRETE 
HOLSTEIN CHAIN

In the model of a polynucleotide Holstein molecu-
lar chain that follows, the chain is assumed to consist
of N sites. Each site is a nucleotide pair that is consid-
ered as a harmonic oscillator [17]. To simulate the
quantum dynamics of a particle in a chain of N nucle-

otide pairs, we will use the Holstein Hamiltonian.
Holstein was the first to consider a chain each site of
which represents a diatomic molecule [17, 18]:

(1)

Here, ν is the matrix element of charge transfer
between neighboring sites (nucleotide pairs), α is the
constant of interaction between the charge and dis-
placements qn, M is the effective mass of the site, and
k is the elastic constant.

Equations of motion for Hamiltonian  lead us to
the set of differential equations

(2)

(3)
where bn is the amplitude of the probability that the

charge is in the nth site,  = 1. Classical equa-
tion of motion (3) contains friction coefficient γ,
which stands for dissipation.

Equations (2) (where  = h/2π and h is the Planck
constant)) are Schrödinger equations for probability
amplitudes bn, which describe the evolution of the par-
ticle in the deformed chain, and Eq. (3) is a classical
equation of motion that describes the dynamics of
polynucleotide pairs with regard to dissipation.
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In Eqs. (2) and (3) we now pass to dimensionless
variables using the relationships

(4)

where τ is the reduced scale of time that relates time t
and dimensionless variable .

In dimensionless variables (4), Eqs. (2) and (3) take
the form

(5)

The model thus introduced is the simplest model
describing the dynamics of a charged particle in a
polynucleotide chain and taking into account dissipa-
tion in the system in explicit form.

SIMULATION OF THE UNIFORM CHARGE 
MOTION IN A CONSTANT ELECTRIC FIELD

Obviously, simulation of the particle dynamics
even in a uniform (G)n chain is a multiparametric
problem, which necessitates a large amount of compu-
tation for different values of the chain parameters. The
selection of the system’s parameters to simulate spe-
cific behavior of the charge in an electric field is
accomplished both according to the results of system
analysis in continuum limit [19] and based on numer-
ical simulation data. Having selected model parame-
ters of the chains, we can study the charge transfer and
charge distribution with a computation speed much
higher than in the case of real DNA chains.

The charge transfer in an electric field was simu-
lated with the following dimensionless parameters:
κ = 1, η = 1.276, and ω = 1. With these values fixed,
we vary friction coefficient ω' in the chain and electric
field strength E. Computation was carried by the stan-
dard Runge–Kutta fourth-order method. To simulate
the uniform motion of charge in an electric field, its
value was initially (at zero time) set equal to the value
that follows from a stationary solution to Eqs. (2) and
(3) in the absence of the electric field; that is, the ini-
tial values of |bn(0)| were taken in the form of the
inverse hyperbolic cosine:

(6)

= ,  = 0.
Let us now assume that the characteristic size of

the charge distribution is given by
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For the given values of the chain parameters, the char-
acteristic size of the polaron in the chain is determined
as  ≈ 15. That is, for these parameters of
the chain, the polaron is wide and covers a large num-
ber of sites. The value of n0 (the center of the charge
initial distribution) in (6) was taken so that the polaron
was far from the end of the chain at the beginning of
computation. Similarly, the length of the chain was
selected so that the polaron remained sufficiently far
from the chain by the end of computation. The field
was assumed to be switched on instantly at the initial
instant of time.

The reasonable question arises as to at which field
strengths E the charge motion in the chain becomes
uniform for the given values of the parameters. A rela-
tionship between the uniform velocity of a polaron,
V = , and the electric field strength in the contin-
uum limit was considered elsewhere [19]. For the
undamped motion of nucleotide pairs, when the fric-
tion coefficient is low, ω > ω'/2, the following rela-
tionship between polaron equilibrium velocity V and
electric field strength E [19]:

(8)

In the case of the damped motion of nucleotide
pairs (ω'/2 > ω), quantity I is given by [19]

(9)

The limiting case when friction is absent was
touched upon in [20]. In this work, we consider the
polaron velocity V versus field strength E dependence
at different friction coefficients ω'.

Figure 1 plots the polaron velocity versus the field
strength dependences (see (8), (9)) for different values
of parameter ω' and κ = 1.

The first four curves on the left of Fig. 1 correspond
to the damped motion of nucleotide pairs given by (9)
for ω'/2 > ω, namely, for ω' = 6, 4, 3, and 2. The next
five curves describe the undamped motion of the pairs
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Fig. 1. Polaron velocity V vs. electric field strength E for
κ = 1; η = 1.276; ω = 1; and ω' = 6, 4, 3, 2, 1.5, 1, 0.5, 0.1,
0.01, 0.
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Fig. 2. Plots of function X( ) for κ = 1; η = 1.276; ω = 1;
ω' = 1; dimensionless time  = 47000; and E = 0.0001,
0.0002, 0.0003, …, 0.0012. The chain length equals 15 001
site. The uppermost curve is plotted for E = 0.0001.
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Fig. 3. Plots of functions |bn( )| and X( ) for κ = 1; η =
1.276; ω = 1; ω' = 1; dimensionless time  = 1200; and E =
0.001. The chin length equals 701 site.
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given by (8): ω'/2 < ω, ω' = 1.5, 1.0, 0.5, 0.1, and 0.01.
The limiting case ω' = 0 considered in [20] is repre-
sented by the rightmost curve, whereas the limiting
case ω' = ∞ is represented by the vertical axis. It fol-
lows from Fig. 1 that the soliton may move uniformly
only if 0 < E < Emax(ω'). In each curve, the branch for
which the inequality dV/dE =  > 0 is valid corre-
sponds to the stable motion of the soliton, whereas the
branch for which  < 0 describes the unstable
motion. From (8) and (9) it is seen that friction gives
rise to an ohmic portion, i.e., to a linear portion in the
stable branches of the V(E) curves at low E.

Figure 2 plots function

(10)

which describes the motion of the center of mass of the
particle. These plots demonstrate that the  depen-
dence is linear for almost all values of the electric field
strength E (Fig. 2). It is distinctly seen that the left-
most plot X( ) for E = 0.0012 (  = 2.256 × 103 V/cm)
deviates significantly from a straight line. This means
that the charge executes oscillatory motion. Thus, it
was found that for fields E > 0.0011 and the selected
values of the chain parameters, the charge cannot
move uniformly.

Figure 3 plots functions |bn( )| and X( ) for electric
field strength E = 0.001. At the initial instant of time,
the polaron is in site n0 = 601. This is an example of the
uniform motion of the charge along the chain. In
addition, the example shown in Fig. 3 correlates with
the third plot on the left of Fig. 2, which also corre-
sponds to E = 0.001.

Fragments of the polaron velocity V versus external
field E dependence are shown in Figs. 4 and 5. They
provide a deeper insight into the stable motion of the
soliton (dV/dE =  > 0). Figure 5 represents the real
part of Fig. 4. It follows from the plots that the linear
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portion extends with ω'. At ω'  1 (for κ = 1), the lin-
ear portion of the field dependence of the soliton
velocity extends up to the critical value of the electric
field, at which the uniform motion of the soliton
becomes impossible. In this case, the Ohm law is ful-
filled with a high accuracy up to very high electric
fields.

*
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Fig. 4. Soliton velocity V vs. electric field strength E for κ =
1; η = 1.276; ω = 1; and ω' = 3, 2, 1, 0.5, 0.1, 0.01, 0. The
plots correspond to the stable motion of the soliton (dV/dE =

 > 0).
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Fig. 5. (—) Theoretical (expressions (8), (9)) vs. ( )
numerically simulated field dependence of soliton velocity
V for κ = 1; η = 1.276; ω = 1; and ω' = 3, 2, 1, 0.5, 0.1,
0.01, 0. The linear portions of the V(E) curves are shown.
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Figure 4 compares the numerical ( ) and “theo-
retical” dependences of soliton velocity V on electric
field E. It should be noted that here the limiting case
ω' = 0 is described by the leftmost curve. From Figs. 1
and 4 it follows theoretically that the charge can move
uniformly if E is within the interval 0–Emax(ω'), It is
seen in the plots that point Emax(ω') correlates with the
inflection point in the V(E) curve. However, numeri-
cal experiment data show that the charge motion can
be uniform in the interval 0 < E < Emax-numerical(ω'),
which is much shorter than 0 < E < Emax(ω'). In the
interval E > Emax-numerical(ω'), the uniform motion of
the charge is not observed (Fig. 2).

SIMULATION OF THE NONUNIFORM 
CHARGE TRANSFER IN A CONSTANT 

ELECTRIC FIELD
Calculations show that for E > Emax-numerical(ω'), as

well as for E > Emax(ω'), the charge as a whole executes
Bloch oscillations at the beginning of motion and then
loses its initial shape. The higher E and the greater the
difference between E and Emax-numerical(ω'), the quicker
the charge initial distribution deviates from its initial
form (inverse hyperbolic cosine, see (6)). Then, the
charge moves in the direction of the field, continuing
to oscillate with a period close to the period of Bloch
oscillations: TBL = 2π/E. No singularities in the
motion of the particle in the field when E becomes
greater than Emax(ω') were observed.

When simulating the nonuniform charge motion
(as in the above case of its uniform motion), we placed
a charge corresponding to a stationary solution to
Eqs. (2) and (3) in a chain at zero time, assuming that
the field is absent. The initial values of |bn(0)| were also
taken in the form of the inverse hyperbolic cosine
(see (6)). However, the values of the field strength E
were taken large.

d

TECHNICAL PHYSICS  Vol. 63  No. 9  2018
Figure 6 plots function X( ) for different values of
field strength E starting from E = 0.001. In Fig. 6 this
value of E corresponds to a straight line, which means
that the motion of the charge in the chain is uniform.
The rest of the plots correspond to oscillatory regimes
of the charge transfer. The period of Bloch oscillations
for E = 0.001 is equal to TBL = 2π/E ≈ 6283. It then fol-
lows that the plot for E = 0.001 covers 3.6 of Bloch
periods. That is, this plot does indicate that the motion
of the charge is uniform, rather than being part of the
oscillatory motion of the polaron. It should be noted
that Fig. 2 also contains a plot constructed for E =
0.001 (the third curve from the left). It covers time
span  ≈ 28000, which is roughly equal to 4.5 Bloch
periods.

The plots describing the oscillatory motions in Fig. 6
clearly demonstrate that the oscillation period
decreases with increasing field strength and is always
roughly equal to TBL = 2π/E. Of interest is the curve
X( ) constructed for E = 0.002 in Fig. 6. This is the
lowest curve, exclusive of the curve for E = 0.001. Its
shape for  > 10000 is incorrect in the sense that the
charge has already begun to reflect from the left end of
the chain, as is distinctly seen in Fig. 6. Moreover, if
the charge as a whole is involved in oscillatory motion
at the initial instant of time (as in the given case), its
center of mass shifts by the maximal Bloch amplitude:
ABL = 4η/E. For E = 0.002, the maximal Bloch ampli-
tude is ABL = 4η/E ≈ 2500. However, from Fig. 6 it fol-
lows that the center of mass of the polaron shifted by
4000 sites at once. Actually, at E = 0.002, the polaron
moves uniformly almost at once at instant field
switching, slightly declining, and, having passed about
1500, becomes completely involved in Bloch oscilla-
tions. It departs by maximal Bloch amplitude ABL =
4η/E after the beginning of motion only starting from
E = 0.005.
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Fig. 6. Plots of function X( ) for κ = 1; η = 1.276; ω = 1;
ω' = 1; and E = 0.001, 0.002, 0.003, …, 0.008; and a
dimensionless time of 47 000. The chain length is N =
12001 site.
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Fig. 7. Plots of functions |bn( )|2 and X( ) for κ = 1, η =
1.276, ω = 1, ω' = 1, E = 0.03, and a dimensionless time of
1200. The chain length is N = 701 site.
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Figure 7 exemplifies the motion of the polaron in
a chain N = 701 long for a high electric field strength,
E = 0.03. For E = 0.03, the period of Bloch oscilla-
tions TBL= 2π/E ≈ 209. An initial polaron given by (6)
is typically 15 long and about 0.1 high. In the absence
of the field, such an initial polaron state remains virtu-
ally unchanged and the polaron does not change its
initial position infinitely long, since friction in the
given chain is high. It should be noted that if friction
in the chain is absent or very low, the polaron retains
its initial position only when it is at the center of the
chain [21, 22]. Since friction in the given chain is high
and the polaron does not change its initial position in
the absence of the field, the charge localizes within
one maximal Bloch amplitude in the direction of the
field at instantaneous field switching during the first
oscillation.

The plots of function |bn( )|2 clearly demonstrate
how the initial polaron given by (6) quickly decays,
moving along the field in the chain and executing
Bloch oscillations. Also, it is distinctly seen in Fig. 7
that the charge during the last (fifth) oscillation
reflects from the end of the chain, rather than from its
boundary, as in the previous oscillations.

The charge transfer in the electric field strongly
depends on the charge initial distribution in the chain.
The motion of the charge that is initially in the polaron
state (see (6)) is exemplified in Fig. 7. Let us see how
the charge occupying one site behaves in the field. We
place the charge in one site at the center of the chain.
The distribution of this charge over the chain without
the field is shown in Fig. 8. A straight line passing
through the center of Fig. 8 shows the unit charge at
the center of the chain for a left scale of 0.12. It is well
seen that the charge quickly spreads in the chain,
reflecting from the ends of the chain, and finally
becomes uniformly distributed over the chain.

�t
In the presence of the field, the distribution of the
unit charge is quite different. In Fig. 9, at the initial
instant of time, the charge occupies one site at the
center of the chain, the field is switched instantly at the
initial instant of time, and the field strength is the
same as in Fig. 7 (E = 0.03). The plots of function
|bn( )|2 demonstrate that the charge does not spread
over the chain in the presence of the field.

The initial unit charge first spreads on either side of
the center but soon localizes within one maximal
Bloch amplitude under the action of the electric field.
Then, the charge moves along the chain, executing
Bloch oscillations with a period close to the Bloch
period for the given electric field strength (E = 0.03).
Here, the type and velocity of motion much differ
from those in Fig. 7.

Numerical simulation data indicate that for the
given parameters, the type and velocity of charge
transfer in the field strongly depend on the character-
istic size both of the charge initial distribution and of
the stationary polaron in the chain. The examples
given in Figs. 7 and 9 show how different initial distri-
butions of the charge influence the subsequent charge
distributions over the chain in the case of oscillatory
motion.

For κ > 1 (η = 1.276), the charge motion may be
both uniform and oscillatory depending on charge ini-
tial distribution (6) with the chain parameters and

�t
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Fig. 8. Plots of functions |bn( )|2 and X( ) for κ = 1, η =
1.276, ω = 1, ω' = 1, and a dimensionless time of 1200 in
the absence of the electric field. The chain length is N =
701 site. Initially, the charge is within one site at the center

of the chain.  = 0 for all n.
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Fig. 9. Plots of functions |bn( )|2 and X( ) for κ = 1, η =
1.276, ω = 1, ω' = 1, E = 0.03, and dimensionless time  =
1200. The chain length is N = 701 site. Initially, the charge

is within one site at the center of the chain.  = 0 for all n.
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field strength being the same. Let us take |bn(0)| in the
form of the stretched inverse hyperbolic cosine:

(11)

where ξ is the stretch factor.
Now we select the electric field strength so as to

provide the uniform motion of the charge for |bn(0)|
taken in the form of unstretched inverse hyperbolic
cosine (6). Given E, we will gradually increase or
decrease ξ. Up to some value of ξ (ξ ≠ 1) depending on
the parameter values, the initial stretched inverse
hyperbolic cosine given by (11) quickly takes
unstretched form (6) (or the form of the stationary
charge distribution) in spite of the field counteraction.
In this case, the charge, initially having executed a
number of small oscillations, moves along the chain
uniformly.

If the value of ξ is far from unity (for the given value
of E), the charge loses its initial shape and, oscillating,
moves in the chain in the direction of the field. In this
case, the charge motion may be similar to the charge
motion in the previous case; namely, if the charge dis-
tribution is taken in the form of unstretched inverse
hyperbolic cosine (6), electric field strength E takes
values at which the charge can not move uniformly.

− ⎛ ⎞κ −κ= ⎜ ⎟ξ η ξ η⎝ ⎠

1 0( )2(0) cosh ,
4 4n

n nb
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We used the phrase “may be similar,” since the charge
distribution may change markedly depending on the
chain parameters.

CONCLUSIONS
We simulated the uniform charge motion for κ = 1

and η = 1.276. At these parameter values, the charge
may move with a constant velocity in the chain in the
direction of the field, retaining its shape. The uniform
motion, as well as good agreement between the theo-
retical and numerically derived dependences of the
charge velocity on the external field strength (Fig. 4),
is due to the fact that the characteristic size of the
polaron is  ≈ 15 for these parameters of the
chain; that is, the polaron is wide and covers a large
number of sites.

At large κ (κ > 1 for η = 1.276), the stationary
polaron state of the charge “narrows.” Because of this,
for κ = 2 or greater than 2, Peierls–Nabarro oscilla-
tions associated with lattice imperfections [20]
become noticeable. Thus, at κ ≥ 2, the charge moves
uniformly, weakly oscillating, and “periodically”
retains its shape.

Computation shows that at κ = 2 and 3, as well as
at κ = 1, the charge can move uniformly. More specif-
ically, the charge uniform motion is possible only if

→∞�

�lim ( )t d t



1276 KORSHUNOVA, LAKHNO
E < Emax-numerical(ω'). For E > Emax-numerical(ω'), the uni-
form motion of the charge is not observed; the initial
shape of the charge distribution “decays”; and the
charge, oscillating with a Bloch period, moves along
the chain in the direction of the field. It is worth noting
that the charge oscillation amplitude at the beginning
of motion is close to the maximal amplitude of Bloch
oscillations.

A uniform sequence of PolyG/PolyC nucleotide
pairs is associated with coupling constant κ = 4 and
matrix elements of site-to-site transfer η =1.276 [23,
24]. These parameter values are assigned to the sta-
tionary polaron distribution of the charge [25] occu-
pying only a few sites; that is, the polaron distribution
has the form of a very narrow peak. Therefore, the uni-
form charge distribution in such a chain is difficult to
simulate. For example, for ω = 1 and ω' = 1, only one
value of E, E = 0.09, is found at which the charge
moves in the chain with a constant velocity in the
direction of the field, executing small oscillations and
retaining its shape. In lower fields (E < 0.09), the
charge ceases to move (becomes quiescent), whereas
in higher fields (E > 0.09), the charge “decays” and,
oscillating, moves in the direction of the field. As
before, these oscillations are Bloch oscillations.

Earlier [26], we considered Bloch oscillations in
the Holstein model as a function of parameter κ. The
same results were obtained later in [27], where Bloch
oscillations were studied in the Perrard–Bishop–Hol-
stein model. In addition to the charge motions and
distributions in the chain described here, the possibil-
ity of the charge nonequilibrium motion in the
PolyG/PolyC chain of DNA was demonstrated [28].

Computation data indicate that complex dynamic
regimes may be implemented in the given system that
depend on the system’s parameters; frequency; fric-
tion coefficient; chain length; and characteristic size
of the steady-state polaron, which, in turn, depends on
the dimensionless electron–lattice coupling constant
in the system. With the system’s parameter fixed, one
can control the types of motion and charge distribu-
tion in the system by varying only the charge initial
distribution and initial electric field strength.
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