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A theory is developed of the two-stage drag of electrons by phonons in semimetals with two types of
carrier in the limit of the hydrodynamic flow of thermal phonons. By analogy with the standard Herring
drag thermoelectric power, the two-stage drag thermoelectric power vanishes in pure infinite samples in
which the carriers are scattered mainly by phonons and the electron and hole densities are equal. Nonzero
thermoelectric power due to the phonon drag can appear only if, in addition to the phonon scattering, the
carriers are scattered due to a different mechanism. The sign of the thermoelectric power is determined by
the type of carrier whose mean free path is shorter in the phonon scattering case. The calculated results are
in good agreement with the experimental results for bismuth provided the additional scattering mechanism
is chosen to be the scattering from the surface of a sample. In contrast to the thermoelectric power, the
Nernst constant due to the phonon drag is nonzero even in the absence of an additional scattering
mechanism and is a factor of (u/ T)? greater than the value corresponding to one type of carrier (. is the
Fermi energy of carriers and T is the absolute temperature).

PACS numbers: 72.15.Qm, 72.10.Di

The physical model of the two-stage drag of electrons by
phonons can be described as follows. Because of the laws
of conservation of the energy and momentum, carriers in
semiconductors and semimetals interact only with phonons
whose wavelength is of the order of the carrier wave~
length.! Under normal counditions, the wavelength of such
"electron" phonons is much longer than the wavelength of
thermal phonons,whose frequency is of the order of kgT,
Therefore, Herring! was able to conclude that the electron
phonons give rise to the phonon drag thermoelectric power
in semiconductors.

It was assumed in ref. 1 that the interaction of elec-
tron phonons with thermal phonons tends to bring the elec-
tron phonons in equilibrium and, therefore, the motion of
intrinsic thermal phonons in an applied temperature gra-
dient was neglected. However, it was shown in refs. 2-4
that the deviation of thermal phonons from equilibrium
may be quite large in some cases and such nonequilibrium
thermal phonons caanot bring the electron phonons in ther-
mal equilibrium. Therefore, the drag takes place in two
stages: thermal phonons drag long-wavelength phonons
and the long-wavelength phonons drag electrons.

Such an effect manifests itself most strongly in the limit
of the hydrodynamic flow of thermal phonons when the mo-
mentum dissipation of the thermal phonons is solely due
to the Umklapp scattering.’ It was shown in refs. 2-4 that
this leads to an exponential increase in the thermoelectric
power due to the phonon drag. The aforementioned behav-
ior of the thermoelectric power was observed on very pure
bismuth single crystals.®

Only the case of carriers of equal signs was consid-
ered in refs. 2-4. However, when carriers of two differ-
ent signs are considered, the effect under study exhibits
new features whose explanation is required in the inter-
pretation of experimental results.

We shall study the two-~stage drag of electrons by
phonons in a svstem with two types of carrier with equal
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densities, which reflects better the experimental condi-
tions of ref. 6. When the momentum of the electron—pho-
non system is lost due only to the Umklapp scattering of
phonons, the thermoelectric power due to the phonon drag
is equal to zero. A nonzero thermoelectric power can be
obtained only if one type of carrier is scattered by an ad-
ditional scattering mechanism."

In particular, under the experimental conditions of
ref. 6, the scattering from the surface of a sample can
represent such an additional mechanism. In contrast to
the thermoelectric power, the Nernst effect due to the
two-stage drag of electrons by phonons does not vanish
when the electron and hole densities are equal to one an-
other. In fact, the Nernst constant is a factor of (,u/‘l‘)2
greaier than in the case of a system with one tvpe of car-
rier since, in addition to the partial Nernst constants, it
contains terms proportional to the partial thermoelectric
powers of the corresponding types of carrier.’

Similarly to the diffusion, the partial Nernst constants
taking into account the phonon drag contain a small factor
(T/u) (the diffusion term is proportional to this factor and
the drag term is proportional to the square of this factor).
However, in contrast to the diffusion thermoelectric pow-
er, the partial thermoelectric power due to the drag docs
not contain such a factor (this applies not only to the ther-
moelectric power and the Nernst effect due to the two-
stage drag but also to the standard Herring drag). The
thermoelectric power of a system with two types of car-
rier was previously discussed in refs. 8 and 9. in coon-
trast to refs. 8 and 9, we shall consider the situationwhv”
the momentum of the system under study is lost due maif-
ly to the phonon Umklapp scattering in the system of thul~
mal phonons, We shall also show that the standard Herrit-
thermoelectric power due to the phonon drag vanishes )
when the electron density is equal to the hole densitv a2
both types of carrier are scattered only by phonons. In
general, conditions can be realized when the two-stage i
drage of electrons by phonons influences strongly the €77
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ductivity. This effect will not be considered in the pres-
ent paper and will be discussed in a separate publication.

1., GENERAL RELATIONS

We shall consider an isotropic semimetal with equal
electron and hole densities. Since the phonons interact
simultaneously with electrons and holes, their deviation
from equilibrium depends on the state of carriers. There~
forc, under the drag-effect conditions, the electron and
hole currents cannot be always regarded as independent
and, therefore, the standard expressions for the transport
coefficients are no longer applicable for a system withtwo
tvpes of interacting carrier.

We shall derive a general expression for the thermo-
electric power and for the Nernst effect corresponding to
the two-stage drag in a two-band model. We shall neglect
the direct interaction between the electrons and holes since
it was shown in refs. 8 and 10 that the corresponding mean
free path is about ten times as long as the mean free path
due to the electron—phonon scattering in the temperature
range considered.

Following ref. 9, we shall write the system of trans-
port equations for carriers and phonons in the following
form, which takes into account the deviation from equilib-
rium of thermal phonons and the additional scattering
mechanism of carriers:
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where Fq and Gq are the distribution functions of the ther-
mal and electron phonons f* is the distribution function
of holes (electrons), Td is the hole (electron) relaxation
time due to the scattering by the additional scatterers, and
s is the velocity of sound. The superscript 0 denotes the
equilibrium parts of the quasiparticle distribution functions.

We shall seek the solution of the transport equations
in the following form:
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where U(q), U(q), and V*(gq) are unknown vectors. The
linearized collision integrals of phonons with phonons are
given by
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where ¢4 = qU, y5 = qu. g = 1/kT; & is the matrix ele-~
ment of the correspondmg three-phonon scattering (the
collision integrals take into account the fact that the three-
phonon scattering with the participation of electron pho-
nons in which two thermal phonons are absorbed or emit-
ted simultaneously are not allowed). The electron—phonon
collision integrals were given in ref. 11.

It follows from ref. 5 that the solution of Eq. (1) in the
principal approximation with respect to the small parame-
ZN/zU (where N and 1Y are the mean free paths correspond-
ing to the normal and Umklapp scattering of thermal pho-
nons) is given by an expression describing the drift of
thermal phonons in the direction of the temperature gra-
dient with a velocity u = —ytrUVT, where vy~ s¥T; 7U is
the relaxation time corresponding to the Umklapp scatter-
ing of thermal phonons. For completely degenerate car-
riers, we can substitute Egs. (4)-(8) in Eqgs. (1)-(3), which
yields the following system of transport equations:
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PF is the Fermi momentum; L* is the mean free path of
electron phonons due to their scattering by holes (electrons);
L is the total mean free path of electron phonons due to
the scattering by holes (electrons):

1
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Lph;

Lph is the mean free path of the electron phonons due to
their scattering by thermal phonons; [ % is the meanfree
path of holes (electrons) due to their scattering by pho-
nons; [ * is the total mean free path of holes (electrons)

1 1
=

i

where 7 % is the mean free path of holes (electrons) due
to the scattering by additional scatterers.

2. CALCULATION OF THE THERMOELECTRIC POWER
AND THE NERNST CONSTANT

We shall study the effect of the two-stage drag on the
thermoelectric power and the Nernst constant in a two-
component system. The solution of the system of equa-
tions (9)-(10) can be written in the form

E *
v =——“——A' _:A‘Z

(11)
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where AT describes the standard drag of electrons by
phonons.

The drag of electrons by phonons was studied in ref.
9. The term Af describes the two-stage drag of electrons
by phonons, In a weak magnetic field, i.e., for 1¥/r#l«1,
it follows from Egs. (9)-(10) that A is given by
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For H = 0, the solution of Eq. (11) for V;’ describing the
two-stage drag of electrons by phonons has the form
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The solution for V3 can be obtained from Egs. (12) and
(13) by the substitution of (+) for (—)and of (~) for (+).
For degenerate carriers, the electric current is given by
(15)

The thermoelectric power can be obtained from the con-
ditions

J=etn (vt —v).

j=0, H=0,

Using Eqgs. (13) and (15), we obtain the following expres-
sion for the thermoelectric power due to the two-stage
drag of electrons by phonons:
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In the absence of the scattering by additional scatterers,
i.e., in the limit [.f—’ o, it follows from Eq¢. (16) that ta~
thermoelectric power due to the two-stage drag o, van-
ishes. In the limit 15 — oo, the standard Herring thermo.
electric power due to the drag oy also vanishes. Thesame
result follows from the analysis of the result of refs. 8§
and 9,where the mutual drag of electrons and phonons was
studied on the basis of the Herring model and the indirect
interaction of carriers via phonons was also considered,
However, the aforementioned problem was not discussed
specifically in refs. 8 and 9.

We shall first assume that phonons are scattered
mainly from phonons and the effect of electrons and holes
on phenons can be neglected.

Under these conditions, we find that L ~ Lpp, v* «1,
and, in the presence of an additional scattering mechanism,
the thermoelectric power due to the two-stage drag is
given by

e ri- 1
= Ty 7 5 ) an
Equation (17) describes the case when the electron
and hole currents can be calculated independently. Equa-
tion (17) can be easily obtained from the.expression for the
thermoelectric power due to the two-stage drag in a sys-
tem with one type of carrier derived in ref, 2, which canbe
generalized to the case of two types of carrier by the stan-
dard method (see, for example, ref.7). When the addition-
al scattering mechanism is scattering from the surface
(Iq = 1§ = d), it follows from Eq. (17) that the sign of the
thermoelectric power depends strongly on the ratio of the
mean free paths of electrons and holes due to the scatter-
ing by phonons. When the inequality I_ oh > I'. is satisfied,
the sigh of the thermoelectric power borresponds to holes
and, in the opposite case, to electrons. This result is in
complete agreement with the experimental results in bis-
muth whose thermoelectric power is of the hole type and
the electron mean free path due to the scattering by pho-
nons is longer than the corresponding mean free path
of holes.

We shall now consider the case whenphonons are scat-
tered mainly by electrons and holes, which corresponds
to the limit L+, L” « Lph' In this case, Eq. (16) takes
the form

o g — iy (18)

where 1/Lgy = /LY + 1/L7,

For a strong scattering of phonons by electrons and
holes, it follows from Eq. (18) that the thermoelectric
power due to the two-stage drag of electrons by phonons
decreases but the exponential dependence remains un-
changed provided the drag effect does not influence the
conductivity.

We shall now calculate the contribution of the two-
stage drag of electrons by phonons to the Nernst effect.-
The Nernst constant is determined from the condition j=h
Using Egs. (12) and (13), we obtain

(lf“
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Ny= (ay + ad) H?
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We shall now consider the case when phonons are
scattered mainly by phonons and the effect of electrons
and holes on the phonons can be neglected. In this case,
we obtain
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It follows from Eq. (19) that
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Equation (20) is identical with the expression which
can be obtained by a straightforward generalization of the
expression for the Nernst constant appropriate to a svs-
tem with one type of carrier to a system with two tvpes
of carrier under the conditions when the electron and hole
currents can be regarded as independent. In the absence
of an additional scattering mechanism, it follows from
Eq. (20) that N, ~ vrU/c. We shall now compare this re-
sult wtth the quantlt\ Ny obtained in ref. 3 in the form Ny~
(wrU/e) (T/u)® appropriate to a system with one type of
carrier, It follows from such a comparison that the Nernst
constant corresponding to the two-stage drag is a factor
of (i/ T)? greater for a system with two types of carrier
than in the case of a system with one tvpe of carrier.

When the drag of phonons by electrons is strong, the
eXpression for the Nernst constant due to the two-stage
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drag is rather complex and we shall not quote it explicitly,
The expression for the coefficients b, and b, contains a
‘)pr
L

1
factor el L_p

qsdq « 1, which indicates that the two-
h

stage drag of electrons by phonons has much smaller in-
fluence on the Nernst effect than the standard drag of elec-
trons by phonons,

3. DISCUSSION OF RESULTS

Equations (16) and (17) take into account the additional
scattering of electrons and holes. It follows from Eq. (17)
that our results agree with the experimental results of
ref, 6 only if lpﬁlz zdi, i.e., when the mean free paths of
electrons and holes due to the scattering by phonons are
of the order of the mean free paths due to the scattering
of electrons and holes by the additional scattering mecha-
nism, Under the experimentalconditions,® where the mea-
surements were made on very pure and perfect single crys-
tals, the additional scattering mechanism may be scattering
from the surface ofthe sample. Attemperatures2-4°K,the
mean free paths are given'? by ! *h ~1mm, whenthe thickness
ofa sample is ~2-3mm, the quantlty l*h is of the order of
lé provided ld is set equal to the thlckness of the sampled.
It was shown in ref. 4 that the effect of the surface on the
scattering of electrons and holes, which is described by
the term v,(3f */8z) on the right-hand side of the trans-
port equation, can be taken into account if an additional
scattering mechanism with a relaxation time d/v?.w is in-
troduced. Therefore, in the case considered, the origin
of the thermoelectric power due to the drag can be attri-
buted to the scattering of electrons and holes from the
surface. Moreover, it was shown in ref. 4 that the princi-
pal contribution is due to the term describing the two-
stage drag [Eq. (17)].

In general, Eq. (1) for thermal phonons should also in
include the collision integral of thermal phonons with elec-
trons o7 {F Gq}. This is due to the fact that the loss
of the momentum from the system of thermal phonons is
caused not only by Umklapp scattering but also by the scat-
tering of thermal phonons by electrons. In fact, the afore-

mentioned effect is governed by the parameter g =1 /lp p
tht'e

where l is the mean free path of thermal phonons due

PtyP
to their scaftering bv electrons. For g « 1, which has
been assumed in the present paper, an allowance for this
term does not influence significantly the thermoelectric
power due to the two-stage drag. However, the situation
g = 1 mav be also realized. In the latter case, the afore-
mentioned collision integral is important. In particular,
it can lead to a much higher conductivity.
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